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SUMMARY 

Resul ts o f  a c a l c u l a t i o n  o f  an opt imized t runcated scar fed nozzle 
were compared. The t runcated scarfed nozzle was designed for  an e x i t  
Mach number o f  6.0, 1.e.. the Mach number a t  the l a s t  nozzle 
c h a r a c t e r i s t i c  i s  6.0, w i t h  an ex te rna l  flow Mach number o f  5.0. The 
nozzle was designed by the Rao method f o r  optimum t h r u s t  nozzles 
modi f ied for  two-dimensional f l o w  and t runcated scar fed nozzle 
a p p l i c a t i o n s .  
for  two-dimensional supersonic f l ows .  

This design was analyzed us ing  a s h o c k - f i t t i n g  method 

E x c e l l e n t  agreement was achieved between the design and ana lys i s .  
Truncat ion o f  the  lower nozzle wa l l  (cowl) revealed t h a t  t he re  i s  an 
optimum leng th  for  t r u n c a t i n g  the cowl w i thou t  degrading the  nozzle 
performance. Truncat ion o f  the nozzle cowl past  t h i s  opt imal  l eng th  
should be analyzed i n  t r a d e - o f f  s tud ies for t h r u s t  loss versus gross 
v e h i c l e  weight.  

Plots o f  the ob l i que  shock wave equations were a l s o  i d e n t i f i e d  
which w i l l  a l l o w  computation o f  s l i p  l i n e  angle, dynamic pressure 
c o e f f i c i e n t ,  or amblent Mach number f o r  var ious s p e c i f i c  heat r a t i o s .  
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NOMENCLATURE 

a speed o f  sound 

A c o e f f i c i e n t  i n  f i n i t e  d i f f e r e n c e  equat ions and cross-sect ional  area 

AR area r a t i o ,  Ae/At 

C character1 s t i c  curve 

9 C t h r u s t  c o e f f i c i e n t  - 

f f u n c t i o n  
2 PV A 

I i n t e g r a l  

L length,  inches 

m mass flow r a t e  

M Mach number 

P s t a t i c  pressure 

P t o t a l  pressure 

q dynamic pressure 

Q 

r r a d i a l  d is tance 

R 

c o e f f i c i e n t  i n  f i n i t e  d i f f e r e n c e  equat ions 

c o e f f i c i e n t  i n  f i n i t e  d i f f e r e n c e  equat ions 

Rg gas constant  

s d is tance 

S 

t t ime 

T 

.T t h r u s t  

u v e l o c i t y  i n  x - d i r e c t i o n  

c o e f f i c i e n t  i n  f i n i t e  d i f f e rence  equat ions 

temperature and c o e f f i c i e n t  i n  f i n i t e  d i f f e r e n c e  equat ions 



v velocity in y-direction 

x Cartesian coordinate 

y Cartesian coordinate 

z axial distance 

Greek Symbols 

ratio of specific heats 

slip line angle, first variational operator, and coefficient in 
two-dimensional flow equations 

oblique shock wave angle 

Lagrangian multiplier and slope of characteristic curve 

Mach angle 

Prandtl-Meyer expansion angle 

control surface angle 

dens i ty 

oblique shock wave angle 

Subscripts 

a ambient 

e exit 

PM Prandtl-Meyer 

s shock 

sl slip line 

t throat 

T total 

+ left-running characteristic 

- right-running Characteristic 

o streamline 

v i  



INTRODUCTION 

I n  the design o f  j e t  a i r c r a f t ,  i t  i s  d e s i r a b l e  to design f o r  

optimum t h r u s t  wh i l e  r e s t r i c t i n g  the l eng th  o f  the exhaust nozzle for  

o v e r a l l  v e h i c l e  weight reduct ion.  I n  recent  years, I n t e r e s t  i n  

hypersonic and supersonic c r u i s e  vehic les has grown and p r e s e n t l y  

s tud ies are being performed t o  evaluate the feasi  b i l l  t y  o f  such 

veh ic les .  

c i v i l  t r a n s p o r t  ( O r i e n t  Express) w i l l  have to  be opt imized for  t h r u s t  

wh i l e  conforming to  weight l i m i t s  and o the r  c o n s t r a i n t s  imposed by 

p a r t i c u l a r  missions. 

Exhaust nozzles designed for veh ic les  such as the high-speed 

E a r l y  attempts t o  design optimum t h r u s t  nozzles focused on the  

t r u n c a t i o n  o f  p e r f e c t  nozzles. A p e r f e c t  nozzle was designed for  a 

un i fo rm e x i t  v e l o c i t y .  

r a t i o .  

e x i t  v e l o c i t i e s .  

d i f f e r e n t  l eng th  for  the des i red area r a t i o .  Examinatlon of the  

t h r u s t  versus l eng th  o r  weight cons iderat ions prov ided the bas is  o f  

s e l e c t i o n  o f  the des i red opt imal  design. 

This nozzle was then t runcated a t  a g iven area 

This process was repeated for  designs w i t h  d i f f e r e n t  un i fo rm 

Each t r u n c a t i o n  then prov ided a nozzle w i t h  a 

La te r  attempts to design opt lmal  nozzles i nvo l ved  the a n a l y s i s  o f  

a fam i l y  o f  assumed shapes. 

assumed with a prescr ibed i n i t i a l  expansion angle and e x i t  l i p  angle.  

A shape such as a p a r a b o l i c  contour was 

1 
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The angles were v a r i e d  t o  p rov ide  a f a m i l y  o f  nozzle shapes. 

nozzles were then analyzed to  determine the performance and the opt imal  

shape was t h e r e f o r e  determined. 

These 

A method for  des ign ing an optimum t h r u s t  nozzle was developed by 

Rao (1958) i n  which v a r i a t i o n a l  ca l cu lus  and the method o f  

c h a r a c t e r i s t i c s  a re  used t o  compute the contour.  The Rao o p t i m i z a t i o n  

technique i s  unique i n  t h a t  i t  does n o t  depend on a preselected f a m i l y  

o f  mathematical f u n c t i o n s  for  the contour and proceeds to  f i n d  the 

opt imal  wa l l  contour w i t h i n  t h a t  fami ly.  The Rao method determines the 

unique contour which y i e l d s  the maximum t h r u s t  from the i n f i n i t e  a r r a y  

o f  poss ib le  contours.  

which can be s p e c i f l e d  by a s i m p l e  mathematical equation. 

I t  does n o t  necessa r i l y  determine a contour 

The Rao method was incorporated i n t o  a computer program by 

Nickerson (1982). 

( 1 )  for  a g iven leng th ,  or (2) for  a g iven area r a t i o ,  or ( 3 )  for  both 

f i x e d  l eng th  and e x i t  p lane r a d i u s .  

formulated f o r  axisymmetric nozzles w i t h  c i r c u l a r  t h r o a t s  as 

i l l u s t r a t e d  i n  F ig .  1. However, because o f  the renewed i n t e r e s t  i n  

high-speed a i r c r a f t  the method was mod i f i ed  t o  compute two-dimensional, 

f l a t  rec tangu la r  t h r o a t  nozzles which can be used i n  ram je t  engine 

a p p l i c a t i o n s .  Such a nozzle i s  shown i n  F ig .  2.  The method was a l s o  

app l i ed  t o  designs where the lower nozzle w a l l  (cowl) i s  terminated a t  

the p o i n t  where the l a s t  c h a r a c t e r i s t i c  t h a t  emanates from the upper 

nozzle wa l l  (ramp) i n t e r s e c t s  the cowl. This de f i nes  a two- 

dimensional, nonsymmetric nozzle as shown i n  F ig .  2.  The f l a t  t h r o a t  

The code computes a nozz le contour o f  optimum t h r u s t  

The Rao method was o r i g i n a l l y  
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F I G .  1 .  - SCHEMATIC OF AN AXISYMMETRIC RAO NOZZLE 
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m d i f i c a t i o n  assumes an i n i t i a l  expansion o f  un i fo rm f l o w  fo l l owed  by 

a Prandtl-Meyer expansion a t  the beginning o f  the  t u r n i n g  sect ion.  

S i g n i f  c a n t l y  reduced v e h i c l e  weights can be obta ined w i t h  two- 

dimensional 

achieved by t r u n c a t i n g  the nozz le cowl upstream o f  the l a s t  nozzle ramp 

c h a r a c t e r i s t i c .  However, because o f  the t r u n c a t i o n ,  the design o f  the 

nozzle contour w i l l  be a f f e c t e d  by the ex te rna l  flow as i l l u s t r a t e d  i n  

F ig .  3 .  

and s l i p  l i n e  w i l l  form a t  the e x i t  because o f  the i n t e r a c t i o n  o f  the 

ex te rna l  and i n t e r n a l  f l ows .  

nonsymmetric nozzles and f u r t h e r  weight r e d u c t i o n  can be 

I f  the nozzle f l o w  i s  underexpanded, an o b l i q u e  shock wave 

The i n c o r p o r a t i o n  o f  ex te rna l  f low considerat ions i n t o  the 

o p t i m i z a t i o n  o f  exhaust nozzle contours d e f i n e s  the problem t h a t  i s  

s tud ied  I n  t h i s  thes i s .  The o b j e c t i v e  o f  t h i s  work i s  t o  present  a 

design method t h a t  may be used to  compute opt imized t runca ted  scar fed 

nozzles and t o  present r e s u l t s  o f  a parametr ic  i n v e s t i g a t i o n  t h a t  

employs t h i s  method. 



ANALYS I S 

Rao Method 

A procedure for  computing axisymmetric, optimum t h r u s t  exhaust 

This method de f i nes  a nozzle contours was developed by Rao (1958).  

nozzle contour for an i d e a l  gas w i t h  constant s p e c i f i c  heats i n  an 

i s e n t r o p i c  flow. For t h i s  method, a c o n t r o l  surface i s  de f i ned  a t  the 

e x i t  o f  the nozzle.  The t h r u s t  i s  maximized such t h a t  t he  flow and 

leng th  of the nozz le a re  f i x e d  c o n s t r a i n t s .  

ex te rna l  problem and the flow w i t h i n  the nozzle a re  then found by 

us lng  the method of c h a r a c t e r i s t i c s .  This procedure was r e c e n t l y  

converted i n t o  a computer program by Nickerson (1982).  

The s o l u t i o n  o f  the 

Figure 4 i s  a schematic of the top  p o r t l o n  o f  a two-dimensional, 

axisymmetric nozzle contour w i t h  the c h a r a c t e r i s t i c  n e t  and c o n t r o l  

surface used for t h i s  a n a l y s i s  superimposed upon it. L ine  CE, i n  

F ig .  4 descr ibes the c o n t r o l  surface having an angle o f  i n c l i n a t i o n  

+ t o  the ax i s .  F igure 5 i s  a d i f f e r e n t i a l  element o f  the  c o n t r o l  

surface showing flow across i t .  C a l c u l a t i n g  the  mass flow through 

t h i s  d i f f e r e n t i a l  element y i e l d s  ( 1 )  

dm pv s in (+  - 8 )  dA. 

where dA = ZIT r ds and ds = d r / s i n  +. To o b t a i n  the mass f 

c ross ing  the c o n t r o l  surface, the d i f f e r e n t i a l  mass flow r a t e  

Eq. ( 1 )  i s  i n t e g r a t e d  a long l i n e  CE 

( 1 )  

ow 

n 

7 
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F I G .  4 .  - SCHEMATIC OF A RAO NOZZLE WITH CHARACTERISTIC NET AND 

CONTROL SURFACE 
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F I G .  5 .  - DIAGRAM OF A DIFFERENTIAL ELEMENT OF CONTROL SURFACE 
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The l i n e a r  momentum f l u x  i n  the z - d i r e c t l o n  i s :  

2 s in (+  - e) COS e 2n dr. s i n  $ momentum f l u x  = pv 

Computing the t h r u s t  on the nozzle y i e l d s  

2 s in (+  - e) COS e l z n  dr. Y= J' C [(P - Pa) + pv s i n  4 

The length o f  the nozzle i s  computed from 

E 
L - zc + jc cot $ d r .  

( 4 )  

For a f i x e d  t h r o a t  contour the l eng th  of the nozzle to  p o i n t  C, zc,  i s  

a l s o  f i x e d  by the a p p l i c a t i o n  o f  the entrance flow character  and the 

s o l u t i o n  o f  the flow equat ions.  Hence the l eng th  c o n s t r a i n t  becomes 

J: cot 4 d r  = constant.  ( 6 )  

U t i l i z i n g  the Lagrangian m u l t i p l i e r  method developed i n  Hi ldebrand 

(1976) and reviewed in Appendix A, the problem can now be reduced t o  

maximizing the f o l l o w i n g  i n t e g r a l :  

where 

sin(4 s i n  4 - e) I r  fl = [(p - pa) + pv (8)  



1 1  

s i n ( 4  - 8) 
s i n  + f2 = pv (9) 

f3 0 c o t  +. (10) 

Var 

aPP 

a t i o n a  

l e d  to  

ca l cu lus  p r i n c i p l e s  reviewed i n  appendix B can now be 

Eq. ( 7 ) .  Maximizing I requ i res  t h a t  t he  f i r s t  v a r i a t i o n  

o f  the i n t e g r a l  must be equal t o  zero. I n  tu rn ,  t h i s  w i l l  lead to  an 

expression for the c o n t r o l  surface and the flow cond i t i ons  along i t . 

The v a r i a t i o n  o f  I depends upon the o p t i m i z a t i o n  requi red.  I f  the 

t h r u s t  i s  maximized such t h a t  t he  l eng th  i s  constant b u t  t he  area 

r a t i o  va r ies ,  then the upper l i m i t  o f  the i n t e g r a l  i s  a v a r i a b l e  and 

con t r i bu tes  t o  the v a r i a t i o n  o f  I. The V a r i a t i o n  o f  I does n o t  

depend on the lower l i m i t .  This can be i l l u s t r a t e d  by cons ide r ing  

t h a t  the i n t e g r a l  between l i m i t s  o f  p o i n t s  C and E can be expressed as 

the sum o f  two i n t e g r a l s .  One i n t e g r a l  for  the r e g i o n  between p o i n t s  

C and D and the o t h e r  i n t e g r a l  for the reg ion  between p o i n t s  D and E. 

Since the t h r o a t  contour i s  f i x e d ,  and hence, so i s  the r e s u l t a n t  flow 

the v a r i a t i o n  o f  the i n t e g r a l  w i t h  the l i m i t s  o f  p o i n t s  C and E 

vanishes. Examining a l l  poss ib le  v a r i a t i o n s  o f  the q u a n t i t i e s  i n  I, 

the following set of possibilities are derived: 

( 1 )  6C, 6M, 69, and 64 are zero along CD, s ince t h i s  p o r t i o n  of  

the f l o w f i e l d  i s  f i x e d  by the s p e c i f i c a t i o n  o f  the t h r o a t  contour.  

(2) 6M, 68, and 64 are nonzero along DE. 

(3)  A t  E, 6 z ~  I s  zero, b u t  6 r E  i s  nonzero. 

(4 )  Since M and 8 are continuous along CE, then 6D, al though 

nonzero, does n o t  en te r  i n t o  the first v a r i a t i o n  o f  I. 
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Performing the f i r s t  var ia . t ion  o f  the i n t e g r a l  I, r e s u l t s  i n  

where the subscr ip ts  M, 0, and 4 denote p a r t i a l  d e r i v a t i v e s  and 6 

i s  the v a r i a t i o n a l  operator .  Since the  v a r i a t i o n s  I n  6M, 60, 64, and 

6 r ~  are a r b i t r a r y ,  each of t h e i r  c o e f f i c i e n t s  must be equal t o  zero, 

thus, 

+ X f  + X f  s o  
f ' M  2M 3M 

fl + X f  + X f  = o  
0 20 39 

fl t X f  + X f  = o  
4 24 34 

along l i n e  DE, and 

f, + X Z f 2  + X 3 f 3  = 0 a t  E. 

(12)  

(13)  

(14)  

(15) 

I f  r a d i a l  and a x i a l  d is tances a t  p o i n t  E are bo th  spec i f i ed ,  the  upper 

l i m i t  i s  f i x e d  and the l a s t  t e r m  i n  Eq. ( 1 1 )  disappears from the  

v a r i a t i o n a l  so lu t i on .  Since f = f = 0, these terms may be 

e l im ina ted  from Eqs. ( 1 2 )  and (13) and the  two r e s u l t i n g  equat ions are 
3M 39 

combined to  g i ve  

= f  f . 
'0 2M 

(16) 
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I -  

f l M  

The dens i ty ,  pressure,  and v e l o c i t y  can be considered func t i ons  o f  Mach 

number for i s e n t r o p i c  flow and can be computed from i s e n t r o p i c  flow 

r e l a t i o n s  e.g., see Shapiro (1953) or John (1969). These r e l a t i o n s  are  

- - 

2 2 2 
+ 2pv s i n ( 4  - 8) cos e 

M (1 + + ,')sin 0 

v MP s i n ( 4  - 8) cos e - (23) M s i n  0 

- 

-1 /y-1 
= (1 + w M2) 

PT 

-y/y-1 
= (1 + M2) 

pT 

-1 12 
v = My 'I2 (1 + M2) . 

(17) 

(18) 

(19) 

Note, the s t a t i c  parameters have been nondimensional i z e d  w i t h  respec t  

t o  the  t o t a l  cond i t i ons .  U t i l i z i n g  Eqs. (17) t o  (191, i t  follows t h a t  

2 
pv (20) PM - M 

PM = -pM (21 1 

(22) V 
'M = 

M(l + + M2) . 

(Equations 20 and 21 are nondimensional ized t o  t o t a l  cond i t i ons  and 

pM = d(p/pT)/dM, pM = dp/dM. and vM = dv/dM>. The p a r t i a l  d e r i v a t i v e s  

and f2 are  determined from Eqs. (8)  and (9) t o  g i ve :  
f l M  M 



and 
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V 

M (1 + $ M2) - *rpl (24) 

w i t h  p and p nondimensional i zed  t o  t o t a l  cond i t ions .  S i m i  1 i a r l y ,  

and f2 are found t o  be: 
le e 

the p a r t i a l  d e r i v a t i v e s  

-r pv2[s in (4  - e )  s i n  e + cos(+ - e )  cos e] 
s i n  4 0 (25 )  

l e  

2 
r .  p~ COS(+ - e )  

s i n  4 = -  
f 2 0  

(26)  

S u b s t i t u t i n g  E q s .  (23 )  t o  (26)  i n t o  E q .  (16) and rear rang ing  y i e l d s :  

x [ s i n ( 4  - e )  s i n  e +  cos^ - e )  cos e] 

o r  
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-p 1 + u-l M~ cos(+ - e )  s i n  + + 2p s in (+  - e) cos e cos(+ - e )  
( 2 )  

( 2, 

2 - MP s i n  (4 - e )  s i n  e M 1 + v-l M . 

Combining Eqs. (17)  and (18) r e s u l t s  I n  the f o l l o w i n g  expression for  

dens i t y  

This i s  then s u b s t i t u t e d  i n t o  the r e l a t i o n  above and the r e s u l t  Is 

rearranged t o  g ive:  

[cos(+ - e) - s in (+  - e) cos e cos(+ - e )  M 2 =  1 
s i n  <$ - 0 )  s i n  0 

+ s i n 2  (+ - e) s i n  e] . 
U t i l i z i n g  the f o l l o w i n g  t r i gonomet r i c  i d e n t i t i e s  i n  t h i s  r e l a t i o n  

s i n h l ) )  = s i n  u cos PKOS a s i n  13 (27)  

cos(&) = cos u cos P 4 n  u s i n  13 (28)  

and s o l v i n g  y i e l d s  

This  can be expressed i n  t e r m s  o f  the Mach angle as follows 

1 - M '  s in ($  - 8) = s i n  p, (29) 

(30) 

and hence 

+ = e + 1 . ' .  
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This shows t h a t  the con t ro l  sur face i s  a le ' l t - running c h a r a c t e r i s t  

and Eq. (30) imp l i es  t h a t  

dr dz = tan(8  + p) along DE. 

By Eq. ( 1 3 )  

-fl 

'e 
x2 = - f .  

C 

(31 1 

(32) 

In t rDducing Eq. (30) i n t o  Eqs. (25) and (26) and app ly ing  the  

t r i g m o m e t r i c  i d e n t i t i e s  g ives:  

2 r pv cos(0 - 11) 
s i n  4 = -  

l e  
r pv cos 11 

s i n  4 * 
f =  
2e 

S u b s t i t u t i n g  these r e l a t i o n s  i n t o  Eq. (32) and s o l v i n g  for  X2 g ives  

Equation (14) can now be solved f o r  X3 

-fl + X2f2 

34 

4 4 
f x3 = (34) 

The p a r t i a l  d e r i v a t i v e s  fl , and f can r e a d i l y  be w r i t t e n  as: 
34 

2 pv r cos 8 s i n  8 
2 s i n  4 

31 (35) 

(36) s i n  8 
2 f24 = pvr - s i n  4 
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-1 f = -  2 -  '4 s i n  4 
(37)  

S u b s t i t u t i n g  Eqs. (35) t o  (37) and (33) i n t o  (34) y i e l d s :  

- p v r  s i n  0 2 
cos p X3 = pv r cos 0 s i n  0 - 

o r  

I -  ( 3 8 )  COS e COS p - cos(e - [ cos p 
2 X3 = pv r s i n  0 

Employing the t r i gonomet r i c  i d e n t i t y  b r i ngs  

(38) 2 2 X3 = -pv r s i n  8 tan p. 

Equations (301, (331, and (38) now y i e l d  the approp r ia te  

cond i t i ons  to  c a l c u l a t e  the c o n t r o l  surface. The constants 12 and 

X3 can be evaluated from the p r o p e r t i e s  a t  p o i n t  D. According t o  

Eqs. (30) the c o n t r o l  surface must co inc ide w i t h  a l e f t - r u n n i n g  

c h a r a c t e r i s t i c .  I f  t h i s  equat ion i s  s a t i s f i e d ,  then i t  f o l l o w s  t h a t  

the c o m p a t i b i l i t y  equat ion for  a l e f t - r u n n i n g  c h a r a c t e r i s t i c  must a l s o  

be s a t i s f i e d  a long the c o n t r o l  surface, l i n e  DE. The c o m p a t i b i l i t y  

equat ion for axisymmetric, i s e n t r o p i c ,  i r r o t a t i o n a l  flow as found i n  

Shapiro (1953) i s  

V f i  s i n  p s i n  e dr o. (39) dM + r s i n ( e  + p) 
de - M (1 + 

M2) 

I t  can be shown t h a t  Eq. (39) i s  s a t i s f i e d  by Eqs. (33) and (38). 
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I n  order  f o r  the nozz le t o  be optimum for a f i x e d  l eng th  

c o n s t r a i n t ,  the  c o n d i t i o n  i n  Eq. (15) must be s a t i s f i e d  a t  p o i n t  E. 

U t i l i z i n g  Eqs. (8 )  to (101, ( 3 3 ) ,  and (381,  Eq. (15) becomes: 

which i s  the same as 

2 - rpv2 s i n  e t an  p c o t m  t p) a 0, 

The r ight -hand s ide  o f  t h i s  equat ion may now be reduced by use o f  

t r igonomet r ic  i d e n t i t i e s .  The f i n a l  r e s u l t  i s  

P - Pa 
s i n  28 = ; a t  p o i n t  E. 

- pv2 tan  p 2 
(40) 

Equations (33)  and (38)  for  X2 and X3 are  used i n  con junc t ion  

w i t h  the c h a r a c t e r i s t i c  equat ions to  de f i ne  the f l o w f i e l d  and which 

r e l a t e  the va r iab les  r, z, M, and 9 are: 

d r  = tan(8  + p) dz 

a long a l e f t - r u n n i n g  c h a r a c t e r i s t i c  and 

(42)  

dz (43)  1 dM + ffi 
M (1 + + M2) 

de = 

r ( 4 5  cot e - 1) 

dr = tan (8  - 11) dz (44)  
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LEFT RUNNING 
CHARACTER I ST I C 

CHARACTER I ST I C  

F I G .  6 .  - CHARACTERISTIC PLOT FOR TWO-DIMENSIONAL SUPERSONIC 
IRROTATIONAL FLOW 
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along a right-running characteristic, where the Mach angle p i s  

defined by: 

The equations developed above are schematically shown in Fig. 6. 

For two-dimensional Cartesian geometries Eq. ( 3 8 )  i s  independent 

of r and becomes 

(46)  2 x3 = -pv2 sin e tan p. 

Equations (30) and ( 3 3 )  remain the same as for axisymmetric flow and 

along with Eq. (46)  provide two equations in the two unknowns M and 

8 and hence yield a constant M and 0 along the last 

characteristic. The character of flow i s  therefore that of a simple 

wave and this i s  in agreement with flow in the turning section of a 

two-dimensional Cartesian geometry nozzle. 

Scarfed Truncation Point Computation 

A schematic of the nomenclature used in the scarfed computer 

subroutine for computing the flow properties at a truncation point on 

the nozzle cowl are shown in Fig. 7. Truncation of the nozzle t o  

point F allows the external flow to affect the mechanics of the 

solution. Since the nozzle i s  assumed t o  be underexpanded, i.e., the 

internal static pressure i s  greater than the ambient static pressure, 

a Prandtl-Meyer expansion fan and an oblique shock wave emanate from 

point F .  Since the flow properties will differ in regions 2 and 2' in 
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FLOW 
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F I G .  7 .  - SCHEMATIC OF THE NOMENCLATURE USED I N  SCARFED 
TRUNCATION POINT SUBROUTINE 
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f i g .  7, a s l i p  l i n e  a l s o  forms a t  p o i n t  F from the expansion o f  the 

i n t e r n a l  f l ow .  These flow phenomena are incorporated i n t o  the optimum 

nozzle program. 

Figure 8 i s  a computer flow diagram o f  the scar fed subrout ine.  

This subrout ine computes the phenomena which occur a t  the cowl 

t r u n c a t i o n  p o i n t .  

numbers Ma and M i  r e s p e c t i v e l y ,  s p e c i f i c  heat r a t i o s  and s t a t i c  

pressures. 

determine whether i t s  value i s  g rea te r  than 1.0. I f  Ma i s  

supersonic, the s t a t i c  pressure behind the Prandtl-Meyer expansion i s  

i n i t i a l i z e d  by s e t t i n g  i t  equal t o  the ambient s t a t i c  pressure. 

Ma i s  subsonic, t h e  s t a t i c  pressure behind the Prandtl-Meyer 

expanslon i s  i n i t i a l i z e d  by computing the average o f  the ambient and 

nozzle s t a t i c  pressures. The flow regions computed by the scarfed 

subrout ine are numbered as shown i n  F ig .  7. 

Data i s  i n p u t  for  the ambient and nozzle Mach 

A check i s  performed on the ambient Mach number t o  

I f  

Tota l  pressures for the ambient flow and flow regions 1 and 2 

along w i t h  the Prandtl-Meyer expansion angle V, a t  s t a t e  1 are now 

i n  standard 

ro (1953). These 

c f low equations developed 

g. see John (1969) or Shap 

computed from the  i s e n t r o p  

compressible flow t e x t s ,  e 

r e l a t i o n s  are:  

pT Y / Y - l  
- P = [l + + "21 

and 

(47) 



23 

INPUT 
M1. MA. PA. P1 ,  
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P 2  =- 

P T 1 .  N u l ,  
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CALCULATE 
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1 

CALCULATE 
THETA. DELSL. 

YES 

CALCULATE Pt l lC  
FOR ITERATION 

SCHEME 

CORllECT P 2  
P 2 ( I l )  = P2(11-1) t 

SCHEME 

F I G .  8 .  - COMPUTER FLOW DIAGRAM FOR THE SCARFED TRUNCA- 

T I O N  POINT SUBROUTINE 
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the  amb 

numbers 

for amb 

ob1 i que 

The t o t a l  pressure a t  s t a t e  2 i s  s e t  equal t o  t h e  t o t a l  pressure a t  

s t a t e  2 ' .  because the  t o t a l  pressure across the  s l i p  l i n e  i s  constant.  

The Mach number a t  s t a t e  2 i s  nex t  computed from Eq. (47)  along w i t h  

the  corresponding Prandtl-Meyer expansion angle.  The t o t a l  Prandt l -  

Meyer expansion angle i s  then computed by c a l c u l a t i n g  the  absolute 

value o f  the di f ference i n  expansion angles a t  s ta tes  1 and 2. 

The next  s tep  i n  the  scar fed  subrout ine  i s  t o  per fo rm a t e s t  on 

ambient Mach 

main Rao program. 

i ne  angle, 6, and 

l i n e  angle i s  

en t  Mach number to  e s t a b l i s h  i t s  value. For 

less  than 1.0, the subrout ine r e t u r n s  to  the  

en t  Mach numbers g rea te r  than 1.0, t he  s l i p  

shock wave angle, 0 ,  are computed. The s l i p  

computed from 

r 

and the  ob l i que  shock wave angle from 

2 2  
P2 2yM1 s i n  8 - ( y  - 1 )  

= - 
p1 Y + l  

(50) 

Both expressions are  developed i n the  Ames Tab1 es ( 1  953). 

The absolute va lue  o f  the  d i f f e r e n c e  o f  the  t o t a l  Prandtl-Meyer 

expansion angle and the  o b l i q u e  shock wave angle, p h i ,  i s  computed and 

checked for convergence. A d i f f e r e n c e  of 0.00001 between successive 

passes was used as the  convergence c r i t e r i a  i n  t h i s  study. I f  the  

convergence t e s t  f a i l s ,  t he  subrout ine  computes the  d e r i v a t i v e s  o f  
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Eqs. (47)  to  ( 0) and these are used i n  lewton's me.,,od for  i t e r a t f v e  

s o l u t i o n  o f  simultaneous equations as developed i n  Press e t  a l .  (1986).  

Newton's method cons is ts  o f  computing the  d i f f e r e n c e  of  the  i n i t i a l  

guesses and the d e r i v a t i v e s  of func t i ons  which de f l ne  the  guesses. 

The d e r i v a t i v e s  are assembled I n  a 2-by-2 m a t r i x  which appears as: 

The d e r i v a t i v e s  i n  the ma t r i x  above are de f ined as: 

dp2 v-l M2P2 

- - y ( Y +  dM2 
1) (1 + q M i )  

d6 s i n  6 cos 6 1 1 
de ( 6  - 1)  + 

-3 

Pa 
(yM: - 5 - 1) 

- 1  - [2yM: - (y  - 1 )  - (y  + 1151 

- 1  
- + [(y + 115. + (y  - 111 

(Note i n  the  above 5 = p2/pa.) 
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This square ma t r i x  

2 
dp2 4yaMapa s i n  8 cos 8 - -  
de - Ya + 1 

can be solved by the determinant  method. The va lue 

of the determinant, ph i c ,  i s  based upon the  values of  the  flow 

q u a n t i t i e s  computed for each i t e r a t i o n .  The d l f f e r e n c e  i n  t o t a l  

Prandtl-Meyer expansion angle and ob l i que  shock wave angle, ph i  i s  now 

d i v ided  by ph ic  and t h i s  va lue i s  then used to c o r r e c t  the  i n i t i a l  

guess o f  the s t a t e  2 s t a t i c  pressure.  

form as follows 

This  i s  expressed i n  equat ion 

p2 = p2 + (%)n-l , n = 1.2 ,..., n. 
n n- 1 

The computational procedure o u t l i n e d  Is now repeated u n t i l  convergence 

i s  rea l i zed .  

s t a t i c  pressure are then used i n  the Rao program for c o n s t r u c t i n g  the  

r i gh t - runn ing  c h a r a c t e r i s t i c  a t  the t r u n c a t i o n  p o i n t .  

l i s t i n g  o f  t h i s  subrout ine I s  conta ined i n  Appendix C. 

The ob l i que  shock wave angle, s t a t e  2 Mach number and 

The computer 

S l i p  L ine  and Obl ique Shock Wave Computation 

The ob l i que  shock wave and s l i p  l i n e  t h a t  occur  a t  the  cowl 

t runca t ion  p o i n t  may be curved or s t r a i g h t  dependent upon the  pressure 

d i f f e rence  between the ambient and nozz le f l o w f i e l d s .  I n  general ,  the 

ob l ique shock wave and s l i p  l i n e  w i l l  be curved because o f  the 

a d d i t i o n a l  expansion which takes p lace i n  the i n t e r n a l  nozz le 

f l o w f i e l d .  I f  the ob l i que  shock wave i s  curved, the s t reng th  o f  the 
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shock w i l l  vary from p o i n t  to  p o i n t .  

i s  only i s e n t r o p i c  along Streamlines and i s  r o t a t i o n a l  because of 

The flow downstream o f  the  shock 

g rad ien ts  i n  the entropy and s tagnat ion p r o p e r t i e s  normal to  the  

streamlines. For i s e n t r o p i c  flows, the ent ropy I s  constant  a long 

s treaml i nes . 
Zucrow and Hoffman (1977) develop the  governing equat ions for  

steady ad iaba t i c  flow o f  an i n v i s c i d  compressible f l u i d ,  which a re  

used t o  de r i ve  the c h a r a c t e r i s t i c  equations fo r  a r o t a t i o n a l  

i s e n t r o p i c  flow. The c o n t i n u i t y ,  momentum, and speed o f  sound (used 

i n  p lace o f  energy), equations are:  

.) v (pv) = 0 

.) 

+ vp = 0 P D t  

Expressing Eqs. (51) t o  (53) i n  Car tes ian coord inates for two- 

dimensional flow y i e l d s :  

(51 1 

(52) 

puu, t pvuy + p, = 0 (55) 

puv, + pvv y + P y = o  (56) 

2 2 up, t vpy - a up, - a vpy = 0 (57) 

where 6 = 0 for  p lana r  flow, and 6 = 1 for  axisymmetric flow. 
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The characteristic and compatibility equations which result from 

Eqs. ( 5 4 )  to (57) for a two-dimensional isentropic rotational 

supersonic flow developed in Zucrow and Hoffman (1977) are: 

(a) Characteristic Equations 

V (2)o = 10 = j (streamline) 

@) = X* = tan(&p) (Mach lines) 
f 

(58) 

(59) 

(b) Compatibility Equations 

pv dv + dp = 0 (along stream1 ines) (60) 

(along streamllnes) (61 1 2 dp - a dp = 0 

[ s i n  e dx* ] = 0 (along Mach lines). (62)  dp*de + YM cOs(ekp) 
I K Y  

2 
PV 

supersonic rotational flow. The characteristic and compatibi 

equations derived for the Mach lines remain the same as those 

derived for irrotational flow. However, two additional equat 

obtained. These are the streamlines (counted twice) and the 

Figure 9 shows a plot of the characteristics for steady two-dimensional 

i ty 

equat i ons 

ons are 

compatibility relations along the streamlines. 

equations are the Bernoulli equation and the speed of sound relation. 

The compatibility 

The finite difference equations derived by Zucrow and Hoffman for 

two-dimensional steady isentropic rotational flow equations are: 

AYo = X AXo (63) 

R AV + APo = 0 (64) 

0 

0 0  
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F I G .  9. - CHARACTERISTIC PLOT FOR STEADY TWO-DIMENSIONAL SUPER- 

SONIC ROTATIONAL FLOW 



3 0  

i K1 
Q =  2 

PV 

(65) 

(66) 

(67) 

(68) 

(69) 

Ro = pv (70) 

(71 1 6 sin 9 
YM cos(e*t)l) S =  

where C, denotes a right-running characteristic, C, denotes a 

left-runnlng characteristic and Co denotes a streamline as shown i n  

Fig. 9. 

The numerical algorithms for applying Eqs. (63) to (71) are based 

upon a modified Euler predictor-corrector method. 

step, each of the coefficients in the finite difference equations are 

calculated at the known initial points. In the corrector step, average 

values of the four primary dependent variables v 8 ,  p, and p are 

computed along each three of the characteristics, and the coefficients 

of the finite difference are calculated by employ ng those average 

properties. This numerical integration algorithm i s  termed an average 

property method. 

In the predictor 

The steady two-dimensional supersonic r.otationa1 flow equations 

derived above have to be incorporated into the Rao computer program to 
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complete the c o n s t r u c t i o n  of the f l o w f i e l d  between the e 

shock wave and the s l i p  l i n e .  F igure 10 provides an i n d  

changes incorporated i n t o  the Rao computer program. The 

F ig .  10(a), shows l e f t  and r i gh t - runn ing  c h a r a c t e r i s t i c s  

t e r n a l  ob1 i que 

c a t i o n  o f  the 

top  p o r t  ion,  

emanating from 

the nozzle cowl. The bottom p o r t i o n ,  F ig .  10(b) i s  a schematic of  the  

mesh used t o  c a l c u l a t e  the r o t a t i o n a l  flow. 

the nozzle cowl corresponds to  g r i d  p o i n t  11 on the mesh. The f l o w  

cond i t i ons  a t  t h i s  g r i d  p o i n t  were ca l cu la ted  by the scar fed r o u t i n e  

discussed p rev ious l y .  

The t r u n c a t i o n  p o i n t  on 

The f l o w  p r o p e r t i e s  a t  g r i d  p o i n t  21 are computed by assuming t h a t  

the f l o w  p r o p e r t i e s  a t  t h i s  p o i n t  are def ined by r i g h t - r u n n i n g  flow 

c h a r a c t e r i s t i c s  from the i n t e r n a l  f l o w  (which i s  discussed below) w i t h  

an assumed Mach number. 

r e l a t i o n  between the l e f t - r u n n i n g  c h a r a c t e r i s t i c  from p o i n t  A to 

The program then i t e r a t e s  us ing  the c o n t i n u i t y  

the  r i g h t - r u n n i n g  c h a r a c t e r i s t i c  from p o i n t  A t o  p o i n t  21 

the f i n a l  value o f  the cond i t i ons  a t  p o i n t  21. Once the 

e s  a re  determined a t  g r i d  p o i n t  21, the p r o p e r t i e s  a t  

1 and 21 are used t o  f i n d  the flow p r o p e r t i e s  a t  g r i d  

p o i n t  23 us ing the ob l i que  shock wave r e l a t i o n s  and the  method o f  

c h a r a c t e r i s t i c s  for  r o t a t i o n a l  i s e n t r o p i c  flow. The cond i t i ons  a t  

p o i n t s  21 and 23 are then i t e r a t e d  upon u n t i l  convergence i s  r e a l i z e d  

i n  the pressure loss across the ob l i que  shock wave. The flow 

p r o p e r t i e s  a t  g r i d  p o i n t  22 are computed by t a k i n g  an average o f  the 

p r o p e r t i e s  a t  g r i d  p o i n t s  21 and 23. 

mesh p o i n t s  are subsequently computed. 

The flow p r o p e r t i e s  a t  f o l l o w i n g  

p o i n t  11 and 

to  e s t a b l i s h  

f 1 ow p r o p e r t  

g r i d  p o i n t s  
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LEFT-RUNN I NG CHARACTER I S T I C  
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F I G .  10. - SCHEMATIC OF ROTATIONAL FLOW MODIFICATIONS 

INCORPORATED I N T O  THE RAO PROGRAM 
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SUPERSONIC ROTATIONAL FLOW 
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I n t e r i o r  P o i n t  Computation 

As  the c a l c u l a t i o n  proceeds, a numerical a l g o r i t h m  i s  r e q u i r e d  

for c a l c u l a t i o n  of an i n t e r i o r  p o i n t .  The f i n i t e  di f ference network 

used i n  t h i s  ana lys i s  1 s  i l l u s t r a t e d  i n  F lg .  11. F igure 12 i s  a 

schematic o f  the u n i t  process for determin ing an i n t e r i o r  p o i n t .  

Points 1 and 2 are i n i t i a l - d a t a  p o i n t s  on the C- and C+ Mach l i n e s  

and l i n e  12 connects these p o i n t s .  The rearward running s t reaml ine 

Co i n t e r s e c t s  l i n e  12 a t  p o i n t  3 and the p r o p e r t i e s  a t  p o i n t  3 a re  

computed by l i n e a r  i n t e r p o l a t i o n .  

The f o l l o w i n g  f o u r  equations are obta ined by w r i t i n g  Eqs. (63) 

and (66) i n  f i n i t e  d i f f e r e n c e  form i n  terms o f  p o i n t s  1, 2, 3 ,  and 4, 

and from the equat ion o f  the diagona 

Y3 - X0x3 = 

Y4 - '+x4 = 

where X i  , A + ,  L, and &,, are the slopes o f  l i n e  12, t he  1-ft- 

running c h a r a c t e r i s t i c ,  the r i g h t - r u n n i n g  c h a r a c t e r i s t i c ,  and the 

stream1 ine, r e s p e c t i v e l y .  Equations (72) t o  (75) are solved 

simultaneously for  x3, y3, x4, and y4. The q u a n t i t i e s  v, 8, p ,  

and p are then c a l c u l a t e d  by l i n e a r  i n t e r p o l a t i o n  as discussed 

above. The Euler  p r e d i c t o r s  for an i n t e r i o r  p o i n t  are:  

X = tan(e2 + p2) + 
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The value o f  X, depends upon the  flow angle a t  p o i n t  3 ,  which 

i s  no t  known u n t i l  p o i n t  3 i s  loca ted  and the  corresponding flow 

p roper t i es  have been ca l cu la ted  by l i n e a r  i n t e r p o l a t i o n .  An i t e r a t i v e  

procedure must be employed for  determin ing the  l o c a t i o n  o f  p o i n t  3 

dur ing  each pass through the  mod i f ied  Eu ler  p red ic to r - co r rec to r  

a lgor i thm.  The i n i t i a l  est imate for  83 i s  ob ta ined for  the  Euler  

p r e d i c t o r  as follows: 

(78) + 82 
83 = 2 

Equations (76)  and (77)  are  then solved s imul taneously  for  x3 and 

y3, and the corresponding €33 is found by llnear Interpolation. The 

procedure may then be repeated us ing  the  new value 83 t o  o b t a i n  

improved values of  x3, y3, and 83. The procedure i s  repeated u n t i l  

the  change i n  the  values o f  x3 and y3  d im in i sh  below the  s p e c i f i e d  

to1 erance. 

The c o m p a t i b i l i t y  equat ion,  Eq. (67)  which i s  v a l i d  a long Mach 

l i n e s ,  may be w r i t t e n  i n  f i n i t e  d i f f e r e n c e  form as: 

Q + P ~  + 84 = T+ (79)  

(80) Q-P, + 84 * T  - , 
where 

T = -S+(x4  - x 2 )  + Q+p2 + e2 

T - = -S - (x, - xl) + Q-p, - el . 

(81 1 

(82) 

+ 

For the Euler  p r e d i c t o r  the f o l l o w i n g  equat ions are  der ived:  



6 sin el 
y l M l  cos(B1 + p l )  

iK-l 
Q- = 2 

p1 v 1  
(84) 

These equations are now solved simultaneously for p4 and 84. 

Writing Eqs. (64) and (651, the compatibility equations valid 

along streamlines, in finite difference form gives 

(85) 
TOl 

R V  + p 4 = R v  0 3  + p 3 =  0 4  

(86) 
O2 

~4 - A O P ~  ~3 - A O P ~  a T 

For the Euler predictor 

(87) 2 Ro = p3v3 , A, = a3 

where a = a(p, p ) .  Equations (85) and (86) are now solved for v 4  

and p4. This completes the application of the Euler predictor 

algorithm. The computational equations derived for steady two- 

dimensional isentropic rotational supersonic flow are summarized as 

follows: 

Y 3  - XoX3 = Y4 - 10x4 (72) 

(73) 

(74) 

(75) 

Y4 - X+x4 = Y2 - x+x2 

Y 4  - x-x4 = Yl - X-Xl 

Y 3  - 112x3 = Y2 - 112x2 
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Q + P ~  + 84 T+ 

Q - ~ 4  - 84 T- 

R V  + p 4 =  0 4  

Improved values for  the l o c a t i o n  of and the corresponding flow 

p r o p e r t i e s  a t  p o i n t  4 may be computed by repea t ing  the steps o u t l i n e d  

above for the  Eu le r  p r e d i c t o r  a lgor i thm,  b u t  employing average values 

of  v, 8, p, and p along each c h a r a c t e r i s t i c .  Hence, 

X+ - tan(8, + p+) 

where 

82 + 84 v2 + v 4 
p+ = 2 e e+ = 2 ' " + =  2 * 

p2 + p4 

For a simple thermodynamic system 

a = a(p, p) 

and i t  follows 

Then, 

M = -  v+ ' a+ = sin- '  (k). 
+ a+ 

The c o e f f , c i e n t s  

(88) 

p2 + p4 (89) p+ = 2 

(90) 

(91 1 

(92) 

A, are determined 

The speed of  sound, a, now has to  be determined from Eq. ( 9 1 ) .  

Assuming a pe r fec t  gas, Eq.  (91 )  takes the form 
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a =  2 -  
P 

Correspondingly, the temperature T, i s  g iven by 

T = T(p, p) 

and for  a p e r f e c t  gas 

T =  P, 
PR9 

(93) 

(94) 

(95) 

The pressure p and d e n s i t y  p are used to  c a l c u l a t e  the temperature 

T, Mach number M, and the speed o f  sound a, i n  a separate subrout ine.  

By c a l c u l a t i n g  the  f l u i d  p r o p e r t i e s  I n  t h i s  manner, the d i f f e r e n t  u n i t  

processes can be determined by the method o f  c h a r a c t e r i s t i c s ,  which a re  

independent of the equat ions o f  s t a t e  for  the f l u i d .  

I t e r a t i o n  and convergence are c o n t r o l l e d  on the a x i s  o f  symmetry. 

The r a t i o  s i n  82/y2 i n  the c o e f f i c i e n t  S i s  approximated by the 

r a t i o  s i n  81/y1 for  the p r e d i c t o r .  For the c o r r e c t o r ,  t h a t  r a t i o  i s  

based upon average values o f  8 and y,  which are nonzero. 

External  Shock Wave Po in t  Computation 

F igure 13 i l l u s t r a t e s  schemat ica l ly  the u n i t  process for  

determin ing an e x t e r n a l  shock wave p o i n t .  P roper t i es  a re  known a t  

p o i n t  1 on the downstream s ide o f  the shock wave, and p o i n t  2 i s  a 

known p o i n t  on the prev ious r i g h t - r u n n i n g  Mach l i n e  12. The f r e e -  

stream flow p r o p e r t i e s  &, v-, p-, and p- are a l s o  known. P o i n t  4, 

on the downstream s ide o f  the shock wave, i s  the ex te rna l  shock wave 

p o i n t .  This p o i n t  i s  l oca ted  a t  the i n t e r s e c t i o n  o f  the shock wave 
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l e f t - r u n n i n g  Mach l i n e  24. The slope o f  shock 

rom the average value of  t,,e two wave angles el 

and e2 a t  t he  p o i n t s  1 and 4, r e s p e c t i v e l y .  These wave angles are 

f u n c t i o n s  o f  the  f ree-stream Mach number Ma and the flow t u r n i n g  

angles 01 and 84. 

To determine the l o c a t i o n  of,  and the p r o p e r t i e s  a t  p o i n t  4, an 

i t e r a t i v e  procedure i s  employed. A value o f  the wave angle ~4 i s  

assumed a t  p o i n t  4. 

wave 14 is 

The f i n i t e  d i f f e r e n c e  equat ion for  the shock 

+ E  
= ( x  - xl)  = tan (“1 4) ( x 4  - xl) y4 - Y l  s 4  (96) 

and the equat ion o f  the l e f t - r u n n i n g  Mach l i n e  24 i s  

Y4 - Y2 = X+(X4 - x2) .  (97) 

The l o c a t i o n  o f  p o i n t  4 i s  computed by s o l v i n g  Eqs. (96) and (97) 

simultaneously for x4 and y4. Equation (791, the s i n g l e  

c o m p a t i b i l i t y  equat ion v a l i d  f o r  l e f t - r u n n i n g  Mach l i n e s ,  must a l s o  be 

s a t i s f i e d  for  t h i s  computation. 

I n c o r p o r a t i o n  o f  Ro ta t i ona l  f low 

The equat ions developed for  the i n t e r i o r  p o i n t  and ex te rna l  shock 

wave p o i n t  computation have t o  be i nco rpo ra ted  i n t o  the Rao program. 

The flow diagram i n  F i g .  14 i l l u s t r a t e s  how t h i s  can be accomplished. 

A p o i n t  on the s l i p  l i n e  i s  computed as p r e v i o u s l y  described. A 

comparison i s  now performed t o  determine i f  the ambient s t a t i c  pressure 
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i s  l e s s  than the  nozzle s t a t i c  pressure. 

pressure i s  g rea te r  than the nozzle s t a t i c  pressure, the subrout ine 

r e t u r n s  t o  the main program ( t h i s  case would d e p i c t  a shock wave 

forming i n  the i n t e r i o r  o f  the nozzle and t h i s  ana lys i s  w i l l  f a i l  for  

t h i s  case). I f  the ambient s t a t i c  pressure i s  l e s s  than the  nozzle 

s t a t i c  pressure, the computation cont inues. 

I f  the  ambient s t a t i c  

N e x t ,  the i n t e r i o r  p o i n t  i s  examined t o  determine whether i t  i s  

the f i r s t  p o i n t  a f t e r  the scar fed t r u n c a t i o n  p o i n t .  I f  i t  i s  the f i r s t  

p o i n t ,  the r o u t i n e  computes a shock p o i n t  us ing  the ex te rna l  shock wave 

p o i n t  r o u t i n e .  A shock loss I s  then computed and compared t o  the  

pressure behind the  shock wave. 

behind the shock wave a d d i t i o n a l  i n t e r i o r  p o i n t s  are considered. These 

p o i n t s  are moved and read jus ted  i n t o  ar rays.  The r o u t i n e  then advances 

t o  the next  c h a r a c t e r i s t i c  and the computation r e t u r n s  t o  the main 

program. 

I f  t h i s  loss agrees w i t h  the pressure 

On the o t h e r  hand, i f  the p o i n t  computed on the s l i p  l i n e  i s  n o t  

the f i r s t  p o i n t  a f t e r  the scar fed t r u n c a t i o n  p o i n t ,  an i n t e r i o r  p o i n t  

computation i s  performed. I f  t h i s  i n t e r i o r  p o i n t  i s  upstream o f  the 

f i r s t  s l i p  l l n e  p o i n t  (see F i g .  101, t h i s  p o i n t  I s  d iscarded and the 

nex t  p o i n t  i s  used. 

t r u n c a t i o n  p o i n t ,  a l l  i n t e r i o r  p o i n t s  are ca l cu la ted .  A shock p o i n t  Is 

subsequently computed and the computation cont inues as descr ibed above. 

The computation of the  ke rne l  cont inues downstream u n t i l  the contour i s  

d e f  i ned. 

I f  t h i s  p o i n t  i s  downstream o f  the scar fed 
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Seagull  Analys is  

The design of a t runca ted  scar fed nozzle can be analyzed us ing  a 

shock f i t t i n g  method fo r  two-dimensional supersonic f lows.  This  shock 

f i t t i n g  method r e f e r r e d  to as Seagul l ,  was developed by Salas (1976). 

Seagull can be used to  analyze complex two-dimensional or axisymmetric 

supersonic i n v i s c i d  flows o f  a p e r f e c t  gas. Seagul l  i s  1 m l ted  to  

analyz ing flows whose a x i a l  component of Mach number rema ns supersonic 

(hyperbol ic  equations o f  mot ion are used i n  t h i s  a n a l y s i s  and for 

subsonic flows these equat ions become e l l i p t i c ) .  

to compute f l o w f i e l d s  produced by a s i n g l e  duct  or several  ducts  t h a t  

are merged. Jets and plumes can a l s o  be analyzed by Seagul l .  

code w i l l  be used I n  th is  thesis for a cornparlson w i t h  the results  from 

t he  Rao method. 

This code can be used 

This  

Flow C o r r e l a t i o n s  

Manlpulat ion of  Eqs. (49) and (50) produces a f u n c t i o n a l  

r e l a t i o n s h i p  for  the e x t e r n a l  and nozzle Mach numbers, o b l i q u e  shock 

wave and s l i p  l i n e  angles, ambient and nozz le s t a t i c  pressures, and 

dynami c pressure c o e f f i c i e n t .  

Rearranging Eqs. (49) and (50) y i e l d  the f o l l o w i n g  r e l a t i o n s :  (+rzq; '1') a s i n  2 e + - 1 

Y M t  
(98) 
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n These relations exhibit a mathematical relati-nship of a ltnea ture, 

i.e, having the form y = mx + b,  and can be graphically presented. 

This can provide a simple graphical representation of the flow 

conditions at the truncated cowl lip point. 



RESULTS AND DISCUSSION 

Flow C o r r e l a t i o n s  

Equations (99) and ( loo), the r e l a t i o n s  r e l a t i n g  the s l i p  l i n e  and 

ob l i que  shock wave angles, ambient and nozzle s t a t i c  pressures, a re  

p l o t t e d  i n  F igs .  15 and 16. 

F igure 15 i s  a p l o t  o f  dynamic pressure c o e f f i c i e n t  t i m e s  s p e c i f i c  

heat r a t i o  versus o b l i q u e  shock wave angle for  constant values Mach 

number. S t r a i g h t  l i n e  curves r e s u l t  for t h i s  p l o t  and t h i s  i l l u s t r a t e s  

the l i n e a r  nature o f  Eq. (99) .  

c o e f f i c i e n t ,  ambient s p e c i f i c  heat r a t i o ,  and ambient Mach number, the 

o b l i q u e  shock wave angle can be determined or for any o f  th ree  

p r e v i o u s l y  mentioned flow parameters, a f o u r t h  can be determined. 

For a g iven dynamic pressure 

A p l o t  of  o b l i q u e  shock wave angle versus dynamic pressure 

c o e f f i c i e n t  for  constant  values o f  s l i p  l i n e  angle i s  shown i n  F ig .  16. 

The curves i n  t h i s  p l o t  were const ructed for  s l i p  l i n e  angles o f  1.0". 

2.0", 10.0", 25.0". and 50.0". These curves e x h i b i t  a hyperbo l i c  

behavior due to the cotangent t r i g o n o m e t r i c  f u n c t i o n  i n  Eq. (100). As 

t he  s l i p  l i n e  angle i s  increased the curves become p rog ress i ve l y  l i n e a r  

and tend towards i n f i n i t y  as the dynamic pressure c o e f f i c i e n t  i s  

increased. 

46 
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Truncated Scarfed Nozzle Computation 

A t runcated  scarf  nozz le was ca l cu la ted  for  a design Mach number 

o f  6.0, i . e ,  the  Mach number a t  l a s t  nozz le c h a r a c t e r i s t i c  I s  6.0 w i t h  

an ex te rna l  flow Mach number o f  number o f  5.0, and ex te rna l  and 

i n t e r n a l  s p e c i f i c  heat  r a t i o s  o f  1.4. An area r a t i o  o f  90.0, nozzle 

ramp leng th  o f  300.0 inches, nozzle cowl l eng th  o f  15.0 inches, nozz le 

t h r o a t  Mach number o f  1.24, nozzle t h r o a t  temperature o f  2500 O R ,  

along w i t h  ambient s t a t i c  pressure of 0.150 p s i a  and 100 p s i a  for  the  

nozz le t h r o a t  t o t a l  pressure complete the i n p u t  used for  t h i s  design. 

Pressures and coord inates computed i n  t h i s  ana lys i s  are 

nondimensionalized w i t h  respec t  t o  the nozz le t h r o a t  cond i t ions .  

A nontruncated scarfed nozzle was a l s o  designed t o  compare the  

The nontruncated nozz le was computed for  the  e f f e c t  o f  t runca t ion .  

same design Mach number as the  t runcated  nozz le ( t h e  ex te rna l  f ow does 

no t  a f f e c t  the nozz le computation, r e f e r  t o  F ig .  2 ) .  The nont r  ncated 

nozz le computation requ i res  approximately 10 seconds o f  cpu t ime on an 

I B M  3033 mainframe computer, whi l e  the t runcated  scar fed case requ i res  

approximately 20 seconds of cpu t ime. 

F igure 17 i s  a p l o t  o f  nozz le cowl l eng th  versus nozz le t h r u s t  

c o e f f i c i e n t .  

s e l e c t i v e l y  t runcated  for nozz le cowl lengths rang ing  from 50 inches t o  

12.5 inches. A nozz le t h r u s t  c o e f f i c i e n t  o f  1.6661 i s  computed for  

the  nontruncated case and is i n v a r i a n t  w i t h  cowl t r u n c a t i o n  down t o  

20.0 inches. Truncat ing  the  cowl sho r te r  than 20.0 inches w i l l  cause 

the  nozz le t h r u s t  c o e f f i c i e n t  to  drop sharp ly  as shown i n  F ig .  17. A 

The scarfed nozz le designed for  a Mach number o f  6.0 was 
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nozzle cowl length of 20.0 inches corresponds to point where the last 

nozzle ramp characteristic intersects the cowl surface as i 1 lustrated 

in Fig. 2. 

The nontruncated nozzle and truncated scarfed nozzle were then 

analyzed with the Seagull code. These computations were performed on 

red approximately 30 seconds of the Cray X-MP supercomputer 

cpu time per case. 

Figures 18 to 22 are p 

and requ 

ots of f o w  path geometry, static pressure, 

axial velocity, axial Mach number, and Mach number contours for the 

nontruncated nozzle. Figures 19 and 20 display smooth distributions of 

static pressure and axial velocity plots, where the Mach number 

distribution in the plot of Fig. 21 shows a wave In the lower wall Mach 

number. 

which occurs at the beginning of the turning section past the throat 

section and the intersection of the two families of characteristics. 

This slight compression wave i s  clearly shown in Fig. 22 in the Mach 

number contour plot. 

The wave can be attributed to the Prandtl-Meyer expansion fan 

The analysis of the truncated scarfed nozzle case are presented in 

Figure 23 i s  a plot o f  the flow path geometry wi th  the Figs. 23 to 28. 

cowl truncated at 15.0 inches. The solid line extending past this 

point i s  a boundary drawn by the Seagull program. Figure 24 contains 

the static pressure plot of the truncated scarfed nozzle and shows an 

abrupt drop i n  the static pressure distribution on the lower wall at 

the truncation point. The lower wall static pressure becomes equal to 

the freestream static pressure slightly beyond the truncation point. 
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Figure 25 d i sp lays  the  computed a x i a l  v e l o c i t y  d i s t r i b u t i o n .  As 

e x h i b i t e d  i n  the s t a t i c  pressure d i s t r i b u t i o n ,  the  a x i a l  v e l o c i t y  drops 

t o  the f reest ream v e l o c i t y  a f t e r  the  t r u n c a t i o n  p o i n t .  The Mach number 

d i s t r i b u t i o n  a l s o  d i sp lays  a s i m i l a r  behavior and shows t h a t  t he  

t runcated  scarfed nozz le does no t  i n t e r n a l l y  expand as much as the  

nontruncated nozzle. This c l e a r l y  i l l u s t r a t e s  the  e f f e c t  o f  the  

ex terna l  f low on the expansion o f  the i n t e r n a l  flow as shown i n  

F ig .  26. 

Figures 27 and 28 are p l o t s  o f  the ob l i que  shock wave and s l i p  

l i n e  and Mach number contour f o r  the  t runcated  scar fed  nozzle.  

F igure 27 d isp lays  the  ob l i que  shock wave and s l i p  l i n e  emanating from 

the  cowl t runca t ion  p o i n t .  

i n t e r n a l  f low and then converges as the e f f e c t  o f  the  ex terna l  flow 

increases w i t h  nozzle length .  The Mach number contour p l o t  i n  F ig .  2 8  

c l e a r l y  i l l u s t r a t e s  the  i n t e r a c t i o n  of the  ex te rna l  and i n t e r n a l  f lows.  

The s l i p  l i n e  i s  depic ted by the coalesc ing of contour l i n e s  i n  the  

center  o f  the  p l o t  and the s t rength  o f  the  ob l i que  shock wave i s  shown 

i n  the bottom p o r t i o n  o f  the f i g u r e .  Also, the Prandtl-Meyer 

expansion f a n  i n t e r a c t s  w i t h  the s l i p  l i n e  i n  t h i s  case ins tead  o f  the  

nozz le cowl wa l l  i n  the  nontruncated case. 

The s l i p  l i n e  i n i t i a l l y  d iverges from the  

F igure 29 i s  a comparison o f  nozz le ramp w a l l  Mach Number 

d i s t r i b u t i o n s  for  the t runcated  scar fed nozz le.  

Seagul l  ana lys is  compare very  favo rab ly  except for  the  corner  reg ion  

where the compression wave occurs. This i s  i l l u s t r a t e d  by the jump i n  

Mach Number a t  approximately 2 . 0  inches as shown i n  F ig .  29. 

The Rao design and 
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CONCLUDING REMARKS 

Results o f  a c a l c u l a t l o n  of an opt imized t runcated scar fed nozzle 

were compared. The scar fed nozzle design showed l e s s  expansion than 

the nontruncated case and t h i s  was p r i m a r i l y  due to  the ex te rna l  flow 

a f f e c t i n g  the  i n t e r n a l  flow expansion w i t h i n  the nozzle.  

The comparison o f  t h r u s t  c o e f f i c i e n t  versus nozzle cowl l eng th  

revealed t h a t  t r u n c a t i o n  o f  the cowl w i l l  a f f e c t  t he  o v e r a l l  

performance of  an exhaust nozzle.  This comparison demonstrates t h a t  

t he re  i s  an opt imal  cowl l e n g t h  i n  which t r u n c a t i o n  can be performed 

w i thou t  degrading the o v e r a l l  nozzle performance. Truncat ion of  the 

cowl pas t  t h i s  opt imal  l eng th  should be analyzed i n  t r a d e - o f f  s tud ies  

for  t h r u s t  loss versus gross v e h i c l e  weight. 

Plots o f  the o b l i q u e  shock wave equations w i l l  a1 ow the 

c a l c u l a t i o n  o f  o b l i q u e  shock wave and s l i p  l i n e  angles dynamic 

pressure c o e f f i c i e n t ,  o r  ambient Mach number for  va r ious  s p e c i f i c  heat 

r a t i o s .  This w l l l  a l l o w  a designer to  compute these  flow q u a n t i t i e s  

d i r e c t l y  from the  p l o t s  presented w i thou t  use o f  the compressible flow 

equat ions.  

The t runca ted  scar fed nozzle method developed i n  t h i s  t h e s i s  can 

be extended i n  the f u t u r e .  

optimum t runca ted  scar fed nozz le w i t h  an ob l i que  shock wave forming 

i n t e r n a l l y  and simple chemical k i n e t i c s  could a l s o  be incorporated 

i n t o  t h i s  method. 

The method can be mod i f i ed  to  compute an 
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APPENDIX A 

LAGRANGIAN MULTIPLIERS 

S i t u a t i o n s  occur i n  many engineer ing a p p l i c a t i o n s  i n  which a 

f u n c t i o n  f i s  to be maximized or minimized dependent upon va r iab les  

which are n o t  independent o f  each o t h e r ,  b u t  are i n t e r r e l a t e d  by one 

or more c o n s t r a i n t  cond i t i ons .  

The general case may be i 1 l u s t r a t e d  by the problem o f  maximizing or 

min imiz ing a f u n c t i o n  f (x ,y ,z) ,  so t h a t  f (x ,y ,z)  = r e l a t i v e  max or 

mln  sub jec t  t o  two c o n s t r a i n t s  o f  t h e  form 

g(x,y,z) = 0, ( A . 1 )  

h(x,y,z) = 0, (A.2) 

where g and h are n o t  f u n c t i o n a l l y  dependent, so t h a t  the 

c o n s t r a i n t s  are n e i t h e r  equ iva len t  nor  compat ib le.  I t  i s  assumed t h a t  

the f u n c t i o n s  f, g, and h have f i r s t  p a r t i a l  d e r i v a t i v e s  everywhere 

i n  a r e g i o n  which i nc ludes  the des i red  c r i t i c a l  p o i n t .  

The f u n c t i o n  f i s  an extremem a t  P(xo, yo, zo) i f  the l i n e a r  

t e r m s  i n  Tay lor  expansion o f  f about P a re  zero. This c o n d i t i o n  

can be w r i t t e n  i n  the  form 

fx dx + fy dy + fZ dz = 0 a t  (xo ,  yo, zo). (A.3) 

However, the increments dx, dy, and dz are n o t  independent, so i t  

cannot be concluded t h a t  fx, fy, and f, must vanish separate ly  a t  
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P .  Since g and h are constant throughout the field, the 

differential of each must be zero at the point P ,  so that 

gx dx + gy dy + gz dz 0 at (xo, yo, zo) ( A . 4 )  

hx dx + hy dy + h, dz = 0 at ( A .  5 )  (xo, yo, zo>. 

Equations ( A . 4 )  and ( A . 5 )  are linear equations in dx, dy, and dz. 

These equations can be uniquely solved for two of the differentials in 

terms of a third if and only if g and h are functionally 

independent. 

differentials (say d x  and dy) can be eliminated from Eq. ( A . 3 ) .  

This results in an equation of the form F(x,y,z) dz = 0, in which the 

one remaining differential can be arbitrarily assigned. In essence 

the conditions in Eqs. ( A . 4 )  and ( A . 5 )  along with the condition 

F(x,y,z) = 0 constitute a set of three equations in the three unknowns 

By making use of Eqs. ( A . 4 )  and ( A . 5 )  two of the 

XO, Yo, and 20. 

An alternative method of frequent usefulness, is based o n  the fact 

that one may multiply the equal members of Eqs. ( A . 4 )  and ( A . 5 )  by 

arbitrary constants, say, Xi and 12, respectively, and add the 

results to Eq.  ( A . 3 )  to obtain the requirement that 

(fx + Xlgx + X2hx) dx + (fy + X2gy + X2hy) dy 

t (f, + Xlgz + XZhz> dz = 0 ( A . 6 )  

at (xo, yo, zo). This expression i s  valid for all values of Xi and 

12. 

of two of the differentials are zero. 

not true, it would fo l low that 

The latter which can now be determined so that the coefficients 

If the preceding statement were 
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( A . 7 )  

and hence g and h would be f u n c t i o n a l l y  dependent, so t h a t  the two 

c o n s t r a i n t s  would be e i t h e r  equ iva len t  or i ncons is ten t .  Assuming 

t h a t  X1 and 12 have been so determined, then the remaining 

d i f f e r e n t i a l  can be a r b i t r a r i l y  assigned, so t h a t  i t s  c o e f f i c i e n t  a l s o  

must vanish. Thus, the th ree  equat ions 

fx + X1gx t X2hx - 0 

fy + l l g y  + X 2 h y = 0 a t  (xo,  yo, zo) 

f, + X g 1 2  + X2h, = 0 

along w i t h  the cond i t i ons  

g = 0, h = 0 a t  (xo, yo, zo)  (A.8) 

comprise f i v e  equations i n  the f i v e  unknown q u a n t i t i e s  xo, yo, zo, 1 1 ,  

and 12. 

The parameters Xi and 12 are r e f e r r e d  t o  as Lagrangian 

m u l t i p l i e r s .  I f  these parameters were e l im ina ted  from Eq. ( A . 6 1 ,  the 

r e s u l t  would be the r e l a t i o n  F = 0 obta ined by e l i m i n a t i n g  dx, dy, 

and dz from Eqs.(A.3) t o  ( A . 5 ) .  

The r e l a t i o n s  i n  Eq. ( A . 7 )  prov ide  the necessary cond i t i ons  

T x  = 0, Ty = 0, E z  = 0 so t h a t  the " a u x i l l a r y  f u n c t i o n "  

6 = f t X l g  t X2h ( A .  9) 

a t t a i n s  a r e l a t i v e  maximum or minimum a t  (xo ,  yo, 2,) when no 

c o n s t r a i n t s  are imposed. 
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The more general case would be if f were to  be maximized subject  

to  the r e s t r a i n t s  

would then be 

g1 = 0, 42 - 0, ..., gn = 0. The a u x i l l a r y  f u n c t i o n  

6 = f + X l g l  + A292 ... + Xngn, (A. 10) 

where X i ,  . . . , 12 are unknown constants.  The necessary cond i t i ons  

for  render ing 6 a r e l a t i v e  maximum or minimum w i t h  no c o n s t r a i n t s  

could be w r i t t e n  and the s o l u t i o n  could be subsequently determined. 

Fur ther  explanat ion o f  the use o f  Lagrangian m u l t i p l i e r s  can be 

found i n  Hi ldebrand (1965 and 1976). 



APPENDIX B 

CALCULUS OF VARIATIONS 

The ca l cu lus  o f  v a r i a t i o n s  i s  a mathematical procedure employed 

to  determ ne one or more funct ions,  sub jec t  to  c e r t a i n  cond i t i ons ,  so 

as t o  max mize or minimize a s p e c i f i c  d e f i n i t e  i n t e g r a l ,  whose 

in tegrand depends upon the unknown f u n c t i o n  or f u n c t i o n s  and/or 

c e r t a i n  combination o f  t h e i r  d e r i v a t i v e s .  The b r i e f  d iscuss ion o f  the  

theory o f  ca l cu lus  o f  v a r i a t i o n s  which follows i s  presented i n  g rea te r  

detail in Hildebrand (1976) .  

To i l l u s t r a t e  t h i s  method an example I s  considered. A case I s  

considered i n  which we wish t o  maximize or minimize an i n t e g r a l  o f  the  

form 

I = s" F ( ~ , u , u ' )  dx, 
a 

(8.1) 

sub jec t  t o  the cond i t i ons  

where a, b, A,  and B are s p e c i f i e d  constants .  The f u n c t i o n  F has 

continuous second-order d e r i v a t i v e s  w i t h  respec t  t o  i t s  t h r e e  

arguments. I t  i s  f u r t h e r  r e q u i r e d  t h a t  the unknown f u n c t i o n  u (x>  

possess two d e r i v a t i v e s  everywhere i n  the i n t e r v a l  (a, b ) .  

Functions which have two d e r i v a t i v e s  i n  (a, b) and which take on 

the prescr ibed end values are admiss ib le  and o u t  o f  a l l  admiss ib le  
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funct ions,  a f u n c t i o n  (or f unc t i ons )  must be se lected which makes I a 

maximum. Assuming the re  i s  one f u n c t i o n  u(x) having the  p roper t y  

above, a one-parameter f a m i l y  o f  admissible competing f u n c t i o n s  which 

inc ludes u(x) ,  I s  f i r s t  w r i t t e n  as 

u(x) + ET)(X) 

where ~ ( x )  i s  any a r b i t r a r y  chosen t w i c e - d i f f e r e n t i a b l e  f u n c t i o n  which 

vanishes a t  the end p o i n t s  o f  the i n t e r v a l  (a, b) ,  i . e ,  

n(a) = q(b) = 0, (6.3) 

s a parameter which i s  constant  for any one f u n c t i o n  I n  

ch v a r i e s  from one f u n c t i o n  t o  the next .  The increment 

and where E 

the se t  bu t  wh 

en(x),  represent ing the d i f f e r e n c e  between the v a r i e d  f u n c t i o n  and the 

actual  s o l u t l o n  f u n c t i o n ,  i s  c a l l e d  a v a r i a t i o n  of  u(x) .  

Replacing u(x)  by u(x) + en (x )  i n  I y i e l d s  another i n t e g r a l  

t h a t  i s  denoted by I(&), 

I(&) = J: F(x,u + E ~ , u '  + C Q ' )  dx. 

I t  then follows t h a t  I(E) takes on a maximum value when E = 0, t h a t  

i s ,  when the v a r i a t i o n  o f  u i s  zero. Hence, i t  must follow t h a t  

( 6 . 4 )  

when E = 0. (6 .5 )  d I ( e )  = 
de 

The p a r t i a l  d e r i v a t i v e s  o f  F are assumed t o  be continuous w i t h  

respect  to  i t s  t h ree  arguments and t h i s  i m p l i e s  t h a t  the d e r i v a t i v e  

dF/ds e x i s t s .  Hence, I(&) under the i n t e g r a l  s ign  may be 

d i f f e r e n t i a t e d  to  o b t a i n  
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By s e t t i n g  E = 0, an expression f o r  the  c o n d i t i o n  (6 .5 )  i s  obtained, 

v i z .  , 

i n  which i t  i s  w r i t t e n  t h a t  F = F(x,u,u ' )  and the re fo re  the p a r t i a l  

d e r i v a t i v e s  aF/au and aF/au' have been formed w i t h  x,  u, and u '  

t r e a t e d  as independent va r iab les .  

Transforming the i n t e g r a l  o f  the  second product  i n  Eq. ( B . 6 )  v i a  

an i n t e g r a t i o n  by p a r t s  y i e l d s  

= -  f a ( a F  dx ) ~ ( x )  dx 
a 

as a consequence o f  Eq. (8 .3) .  Equat ion (8.6) now becomes 

I t  can be proven t h a t ,  Eq. ( 6 . 7 )  i s  t r u e  for  any f u n c t i o n  ~ ( x )  

which i s  tw ice  d i f f e r e n t i a b l e  i n  (a, b) and zero  a t  the ends o f  t h a t  

i n t e r v a l .  Consequently, the c o e f f i c i e n t  o f  ~ ( x )  i n  the in tegrand 

must be zero everywhere i n  (a, b ) ,  so t h a t  the c o n d i t i o n  
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must be s a t i s f i e d .  This i s  c a l l e d  the Euler equat ion associated w i t h  

the problem o f  maximizing or min imiz ing the i n t e g r a l  i n  Eq. (6.1) 

subject  t o  Eq. (6.2). 

Reca l l i ng  t h a t  F, and hence i t s  p a r t i a l  d e r i v a t i v e s ,  may depend 

upon x both d i r e c t l y  and i n d i r e c t l y ,  through the in termediate 

v a r i a b l e s  u(x> and u ' ( x ) ,  i t  i s  deduced from the chain r u l e  t h a t  

where the f u n c t i o n  M may be i d e n t i f i e d  w i t h  F or w i t h  one o f  i t s  

p a r t i a l  d e r i v a t i v e s .  Thus, i n  p a r t i c u l a r ,  we can employ M = aF/i3ut 

t o  w r i t e  the Euler  equat ion i n  an expanded form as 
n 

dLu du 2 + Fuul a + (Fxul - Fu> = 0 (6.10) 

The expanded form shows t h a t  when F u l u l  = a2F/au'2 

equat ion i s  i n  f a c t  a d i f f e r e n t i a l  equat ion of second o rde r  i n  u, 

sub jec t  t o  the two boundary cond i t i ons  u(a) = A and u(b) = 6 .  

i s  zero, the 

From Eq. (8 .8 )  i t  f o l l o w s  t h a t  

when F = F ( x , u ' ) ,  (6.11) - aF = constant au 1 

so t h a t ,  when F does n o t  i n v o l v e  u e x p l i c i t l y ,  the f i r s t - o r d e r  

equat ion aF/au' = constant comprises a " f i r s t  i n t e g r a l "  o f  the Euler  

equat ion.  I t  can a l s o  be shown t h a t  Eq. ( 6 . 8 )  i m p l i e s  t h a t  
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when F = F(u,u ' ) ,  aF u '  - F = constant (B. 12) 

so t h a t  the f i r s t  i n t e g r a l  i s  a l s o  a v a i l a b l e  when F does n o t  i n v o l v e  

x expl i c i  t l y .  

The equat ion above can be genera 

i n t e g r a l  subject  t o  a c o n s t r a i n t  cond 

Eq. (B.1) 

ob 

i zed  to  maximize or mlnimize an 

t i o n .  To maximize or minimize 

F(x,u,u') dx = max or min, (8.13) 
J a  

where u(x> i s  t o  s a t i s f y  the prescr ibed end cond i t i ons  

u(a> = A, u(b) = B, (B. 14) 

as before,  b u t  t h a t  a l s o  a c o n s t r a i n t  c o n d i t i o n  i s  imposed i n  t h e  form 

JL G(x,u,u') dx = K, (8.15) 

where K i s  a p resc r ibed  constant.  For t h i s  case, the approp r ia te  

Euler  equat ion i s  found to  be the r e s u l t  o f  r e p l a c i n g  F i n  Eq. (B.8) 

by the a u x i l i a r y  f u n c t i o n  

H = F + X G  (B. 16) 

where X i s  a Lagrangian m u l t i p l i e r  and i s  equal t o  an unknown 

constant.  This constant  w i l l  genera l l y  appear i n  the Euler  equat ion 

and i n  i t s  s o l u t i o n .  This constant  has to  be determined along w i t h  

the two constants o f  i n t e g r a t i o n  i n  such a way t h a t  the three 

cond i t i ons  of  Eqs. (B.15) and (8.16) are s a t i s f l e d .  



APPENDIX C 

SCARFED TRUNCATION POINT SUBROUTINE 

A computer r o u t i n e  for  determin ing the flow p r o p e r t i e s  a t  t he  

t r u n c a t i o n  p o i n t  is presented of  a two-dimensional nozzle i s  

presented. The f o l l o w i n g  equations are used i n  t h i s  ana lys i s  

2 2  
p2 2yM1 s i n  8 - ( y  - 1 )  

(C.4) 

These equat ions are used t o  compute s t a t i c  and t o t a l  pressure, 

Mach number, slip l i n e  angle, ob l i que  shock wave angle, and Prand t l -  

Meyer expansion angle a t  the scarfed t r u n c a t i o n  p o i n t .  

r e l a t i o n s  can be used to analyze the flow phenomena a t  the t r u n c a t i o n  

p o i n t .  

schemat ica l ly  shown i n  F ig .  C1.  

i n  F ig .  C2. 

These flow 

The t r u n c a t i o n  p o i n t  and flow phenomena descr ibed p r e v i o u s l y  is 

A computer flow diagram i s  presented 

The l i s t i n g  o f  the computer program i s  a l s o  provided. 
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BY EXTERNAL FLOW 

INTERNAL 

TRUNCATION POINTJ 

OBLIQUE SHOCK 

F I G .  C1.  - SCHEMATIC OF TRUNCATED TWO-DIMENSIONAL RAO NOZZLE 
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INPUT 
M1, MA. PA, P 1 ,  

GM. GMA 

I N I T I A L I Z E  P 2  

P T 1 .  NU1, 
P T 2 .  PTA 

CALCULATE 

CALCULATE 
THETA. DELSL. 

COItRECT P2 
P 2 t n )  = P 2 ( n - 1 )  t 

FOR ITERATION 
SCHEME 

I 

RETURN 

F I G .  C2 .  - COMPUTER FLOW DIAGRAM OF SCARFED TRUNCATION 

SUBROUTINE 
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0000100 c 
0000200 C...THIS ROUTINE COMPUTES THE PLOW QUANTITIES REQUIRED FOR THE SCAWED 
0000300 C...NOZZLE OPTIMTIZATION 
0000400 C 
0000500 REAL NUl,NU2(200),Ml,M2(2OO),MA~PlrP2(2OO)~PA~P?l,PT2,PTA 
0000600 REAL GM,GMA,DELSL(20O),DELPM(2OO)~THETA(2OO)~PHI(2OO),PHIC(2OO~ 
0000700 REAL DNU2DM(200),DDLDTH(200),DP2DM2(200),DP2DTH(200) 

0000900 REAL PRl,PRS,PR3,PRI,PRI 
0001000 READ(S,lO,END-l) Ml,MA,PA,GM,GMA 
0001100 10 FORMAT(S(F12.5/)) 
0001200 1 1-1 
0001300 77 READ(5,ll) P1 
0001400 11 FORMAT(F10.5) 
0001500 IF( P1 .EQ. 1.0 ) GO TO 30 
0001600 IF( MA .GT. 0.0) 00 TO 15 
0001 700 GO TO 20 
0001800 c 
0001900 C...INITIALIZE STATIC PRESSURE AT STATE 2, P2 
0002000 c 
0002100 15 P2(I)-(Pl+PA)/2. 
0002200 GO TO 25 
0002300 20 P2(I)=PA 
0002400 C 
0002500 C...CALCULATE THE TOTAL PRESSURE AT STATE 1 
0002600 C 

0002800 C 
0002900 C...CALCULATE THE PRANDTL-MAYER ANGLE NU, AT STATE 1 
0003000 C 

0003200 $(Mloo2.-1.)) ) - ATAN( SQRT(Mlo*2.-1.) ) 
0003300 PT2-PTl 
0003400 C 
0003500 C...CALCULATE THE MACH NUMBER AT STATE 2 
0003600 C 
0003700 35 U2(I)-SQRT( ( (PT2/P2(I))oo((cin-l.)/GM ) -1.) (2 . / (W-l . ) )  ) 
0003800 C 
0003900 C...CALCULATE THE PRANDTL-MAYER ANGLE NU, AT STATE 2 
0004000 C 

0000800 REAL A,B,X,Y,Z,P,G,H 

0002700 25 PTl=Pl*((l.+ (OM-1.)/2. *(Ml*'2.~))**(~M/(GM~l.))) 

0003100 NUlm(SQRT ((GM+l.)MGM-l.)) ) ATAN( SQRT((oM-l.)/(oM+l.). - 

0004100 3 NU2(I)mSQRT( (GM+l*)/(GM-l.)) ATAN( SQRT( ((G+l.)/(GU - 
0004200 $+1.))o(M2(I)*02.-1.) ) 1 ATAN( SQRT(M2(1)'*2.-1.) ) 

0004400 C...CALCULATE THE TOTAL PRANDTL-UAYER ANOLE, DELPU 
0004300 C 

0004500 C 
0004600 DELPM(I)~NUO(I)-NWl 
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OfflGlMkL PAGE IS 
OF POOR QUALm 

0004700 C 
0004800 C...CALCULATO THE U(BI8HT TOTAL PRESSUIU 
0004900 C 

0005100 C 
0005200 C...CALCULATII THE SHOCK UAVE ANGLE, rtlETA 
0005300 C 

0005000 ~ A ~ P A * ( ( l . + ( ~ - 1 . ) / 2 . * ( ~ * * 2 ~ ) ) * o ( ~ / ( ~ ~ l . ) ) )  

0005400 THETA(I)=ARSIN( SQRT(((P2(I)/PA)*(GU+l.)+(~~l.)J/(2eoGUA 0 

0005500 $*nA**2.)) ) 
0005600 C 

0005800 C 
0005900 A=(GUA+l.)*UA**2. 
0006000 BIZ.*: nA**2.*(STN(THETA(I))**2.) - 1. ) 

0006200 C 

0006400 C 

0006600 C 

0006800 C 

0007000 C 
0007100 C...COWPUTE DERIVATIVES ?OR ITERATION SCHEMES 
0007200 C 
0007300 
0007400 DNU2DH(I)=SQRT( (M2(1)**2.-1.0) ) / (  M2(I)**S.*((m-l.)/?.) 
0007500 8+ H2(1)  1 
0007600 DP2DTH(I)=( 4.*~*~**2.0PA*SI~~(T~TA(I))oCOS(~~TA(I)) )I - 
0001700 $ ( G M  + 1.) 
0007800 X=-l./( 2.*SIN(THETA(I))*COS(TH~~TA(I)) ) 

0008000 $THETA(I))**?.-l. ) 

0008200 $(GMA+l.) - 2*( SIN(THETA(I)))**2.) ) 

0005700 C...CALCULATE THB SLIP LINE ANGLE, DBLSL 

0006100 DELSL:I)=ATAN( le / (  TAN(THETA(I))*(A/B l e )  ) ) 

0006300 C...CALCULA':E pnr FOR ITERATION sen- 
0006500 Pnx(r)=( DELPU(I) - DELSL(I) 

000~700 C...CUCK Pnr FOR COWVLRO~CE 

0006900 IF( ms( pnr(r) .LT. o.oooooi QO ro so 

0 0 0 7 9 0 0 Y-( 2.*nAA'*2.*SIN(THBTA(I))*COS(THBTA(I)) ) / (  )UL**?.*SIN( 0 

0008100 Z=(  4.*~**2.*SIN(THETA(I)).COS(THETA(I)) ) / (  ?.+UA"l.'( 0 

0008300 DD~~DTH(I)~SIN(DELSL(I)) COS(DltLSL(1)) ( X+Y+Z ) 
oooe400 DP2DM2(1)=-( GMoH2(I)'P2(J) ) / (  l ~ + ( G H - 1 . ) 0 0 . 5 ~ N 2 ( I ) . . 1 .  ) 
0000500 C 
0008600 C...CALCULATE CAP PHI 
0008700 C 
0008800 PHIC(I)=( DNU2DM(I)/DP2DU2(1) - DDLDTU(I)/DP2DTU(I) ) 
oooegoo N=I+l 

0009100 c 
0009200 C...fNDEX COUNTER 

ooooooo s P~(w)=Pz(I) - Pm(x)/Pnrc(x) 
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0009300 C 
0009400 I=I+l 
0009500 GO TO 35 
0009600 C 
0009700 C...CONVERT ANGLES TO DEGREES 
0009800 c 
0009900 SO DELSL(I)=DELSL(I)*(l/0.01745239) 
0010000 DELPM(I)=DELPM(I)*(l/0.01745239) 
001 0100 NUl=NU~*(l/O.01745239) 
0010200 NU2(I)=NU2(1)*(1/0.01745239) 
0010300 PRl=PA/PTA 
0010400 PR2=P1 /PA 
0010500 PR3=PTA/PT1 
0010600 PRI=PTI/Pl 
0010620 PRS=P2(I)/PA 
0010700 C 
0010800 C...WRITE FLOW QUANTITIES COUPUTED 
0010900 c 
0011000 WRITE(6,SO) NUl,Ml,PTl,W,PTA,I 
0011100 50 FORMAT(6F10.5,13,//) 
0011200 WRITE(6,60) P2(I),M2(I),DELSL(I)~DELPnorllttZ(f) 
0011300 60 FORMAT(5F10.5,/) 

001 1500 $NUl,Ml,Pl,PTl,~,PA,PTA,GM,G~~I 
0011400 WRITE(7,'lO) P2(I),U2(1),DELSL(I)~DELPU(I),NU2(1), - 
0011600 70 FORMAT(//,'P~=',FlO.5,5X,'U2=',FlO.5~5X,1DELSL=1,FlO.5,//~ - 
001 1700 S'DELPM=',F9.5,3X,'NU2=',FlO.b,4X,'NUl=',FlO.5,//,1Ul=1, - 
0011800 $FlO.5~5X,'Pl~',FlO.5,5X,'PTl~',ElO.5~//~'MA~',FlO.5,SX~1PA~1, - 
0011900 SP1O.5,5XI 'PTA=',E10.5,//, 'GM='.FlO.S,5X, ~GMA-1~F10.S,4X,~X-~,IS) 
0012000 wRITE(8.80) PR2,PR3,NUl,NU2(I),DELSL(I)~MA~PA~~l,PTl~PTA 
0012100 80 FORMAT(lOF11.3) 
001 2 200 WRITE(9,89) PR2,PRb,DELSL(I) 
0012300 89 FORMAT(3Fl1.3) 
0012400 99 STOP 
0012500 END 
EOF 
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